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Classical self-energy and anomaly 
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We study the problem of self-energy of pointlike charges in higher dimensional static spacetimes. 
Their energy, as a functional of the spacetime metric, is invariant under a specific continuous trans- 
formation of the metric. We show that the procedure of regularization of this formally divergent 
functional breaks this symmetry and results in an anomalous contribution to the finite renormal- 
ized self-energy. We proposed a method of calculation of this anomaly and presented an explicit 
expressions for it in the case of a scalar charge in four and five-dimensional static spacetimes. This 
anomalous correction proves to be zero in even dimensions, but it does not vanish in odd-dimensional 
spacetimes. 



I. INTRODUCTION 

The problem of calculation of the self-energy of charged 
particles has a long history going to classical works [J- 
|6[ and many others, where the electromagnetic origin of 
the electron mass had been studied. Achievements of 
renormalization techniques in quantum field theory con- 
tributed a lot to the understanding of the problem. Clas- 
sical self-energy of an electron can be derived as the limit 
of its quantum value. It had been shown 0, [1[ , that there 
exists a correct quantum-to-classical correspondence for 
the self-energy of the electron (see also |f|.) 

In quantum electrodynamics the self-energy of an elec- 
tron diverges and, hence, should be regularized and 
renormalized. A classical self-energy of pointlike charges 
suffers similar divergences. The simplest way to regular- 
ize the energy of a classical charged particle is to smear 
the charge distribution. If a size e of the smearing tends 
to zero, its energy diverges as e , so that after subtrac- 
tion of this leading term in the expansion over e, one 
obtains a finite expression for the self energy. The prob- 
lem is that the result depends on the details of smearing. 

Using methods similar to those adopted in quantum 
field theory allows one to formulate the renormalization 
procedure for a classical charged particle in a more gen- 
eral and efficient form. This occurs because when the 
size s of a charge becomes smaller than the correspond- 
ing invariant cut-off length, the details of the charge dis- 
tribution become unimportant. It should be emphasized 
that in the higher dimensional theories, which are widely 
discussed in modern physics, the classical self-energy di- 
vergence is much stronger ~ g - '- 0-3 ), where D is the 
number of spacetime dimensions. As a result the prob- 
lem of dependence of the self-energy on the details of 
the charge distribution becomes more involved. However, 
the covariant renormalization approach adapted from the 
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quantum field theory efficiently cures this 'decease' in any 
number of dimensions (see e.g. fiolj ) . 

In the presence of an external gravitational field the 
self-energy of a charged classical particle depends on its 
position. As a result there may exist a non-trivial addi- 
tional force acting on the particle. This effect was dis- 
cussed in detail for a special case when a charged particle 
is located near a static 4-dimensional black hole (see e.g. 

pea. 

In our recent paper [To| we obtained the expression for 
the gravitational shift of the renormalized proper mass 
of a classical charged particle in the higher-dimensional 
Majumdar-Papapetrou spacetimes. We demonstrated 
how the calculation of the self-energy of a pointlike static 
scalar charge can be reduced to the calculation of the reg- 
ularized Green function of a particular operator defined 
in the spatial section of static spacetime. 

We propose to use standard renormalization tech- 
niques of quantum field theory to single out UV diver- 
gences. For the problem in question the point-splitting 
regularization is particularly convenient, though one can 
expect that the other methods like (^—function regulariza- 
tion, dimensional regularization, and others would lead 
to the same finite answer (see e.g. In the limit 

of pointlike charges after subtraction of divergences the 
dependence of the renormalized self-energy on details of 
internal structure of the source disappear and the pre- 
dictions for the finite self-energy and self-force become 
universal. 

The proposed approach is well adapted to higher di- 
mensions and leads to unambiguous universal predic- 
tions. In our previous paper [10( we derived the ex- 
act formula for the self-energy of static scalar charges 
in higher-dimensional Majumdar-Papapetrou spacetime 
19], which describes a set of extremally charged black 
holes in equilibrium. An unexpected property of the 
obtained result is that dimensionality matters. In odd- 
dimensional spacetimes there appears an anomalous con- 
tribution to the classical self-energy of charges which de- 
pends on the space curvature. For even spacetime di- 
mensions this anomaly of the self-energy vanishes, just 
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like trace anomaly vanishes for conformal fields in odd 
dimensions. The difference is that the trace anomaly is 
a quantum effect, while the self-energy is classical. 

The anomaly is a violation of some symmetry. In our 
case the classical self-energy of a charge distribution, be- 
fore taking the limit of pointlike charge and renormal- 
ization of divergences, remains invariant under contin- 
uous symmetry transformations of the metric and the 
field. These local transformations involve simultaneous 
multiplication of the time component g tt of the metric 
on a scalar function of spatial coordinates and confor- 
mal transformation of the spatial part g a b of the space- 
time metric. In the next section we establish the symme- 
try of the energy functional under such transformation. 
The self-energy of pointlike charges formally diverges. Its 
regularization and renormalization does not respect this 
symmetry that results in the appearance of local anoma- 
lous contributions. 



II. SELF-ENERGY OF A SCALAR CHARGE IN 
A STATIC SPACETIME 

Let us consider a minimally coupled massless scalar 
field <P in a static D— dimensional spacetime with the 
metric g^ 



a 2 dt 2 + g ab dx a dx 



(2.1) 



We assume that the spacetime is static d t a = d t g a b = 0. 
The action for this field is 

(2.2) 



Here 



(2.3) 



g = dct g^ v = -a g, g = det g ab . 
The field obeys the equation 

□ # = 0. (2.4) 
The energy E of a static configuration of fields is 



E=±- 

8tt 



Jga<t>< a $., a . 



(2.5) 



It is useful to introduce another field variable tp 

$ = a- 1/2 ip. (2.6) 
In terms of this field the energy takes the form 



E 



1 

8^ 



-1 r- ab ( a ,a \ f « & 



(2.7) 



This expression for the energy formally looks like the 
Euclidean action of {D — 1)— dimensional scalar field in- 
teracting with the external dilaton field a. One can use 



this analogy to reformulate the problem of calculation of 
the self-energy in terms of the Euclidean quantum field 
theory defined on (D — 1)— dimensional space and in the 
presence of the external dilaton field. 
The field <p satisfies the equation 



F<p = 
V = 



(A + V)tp = 0, 
(Va) 2 Aa _ 
Act 2 2a ~ 



A{a 



a/2 



Here 



A = 5 a& V a V 6 



(2- 



(2.9) 



Consider the following transformations of the metric 
Eq. ([2~Tj) and the field ip 



9ab — Q 2 g a b 



a6 , a = Q n a , 
ip = n- n/2 <p, n = D-3. 



(2.10) 



From the point of view of a field theory on {D — 
1)— dimensional spatial slice it describes simultaneous 
conformal transformation of the metric g a b and transfor- 
mation of the dilaton field a. Under these transforma- 
tions the energy functional Eq. (|2.7l) remains invariant. 
The operator F in Eq. (|2.8[) transforms homogeneously 



F = fT 



FQ? 



(2.11) 



so that the field equation is invariant under these trans- 
formations 



(A + V)(p = tt- 2 -^{h + V)(p = 0. 



(2.12) 



The energy E Eq. (|2.7p is a functional of (D — 
1)— dimensional dynamical field (p and two external fields 
g a b and a. The transformation Eq. (|2.10l) preserve the 
value of this functional. In other words our effective 
(D — 1)— dimensional Euclidean field theory is invariant 
under infinite-dimensional group parametrized by one 
function Q(x). This transformation conformally modi- 
fies {D — 1)— dimensional metric g a b- In order to keep E 
invariant it is necessary to accompany it by additional 
transformation of the field ip and the dilaton a. Let us 
emphasize that the equation Eq. (|2.4l) for the minimally 
coupled scalar field <I> is not conformally invariant. 

For point-like sources energy E diverges. To deal with 
this divergence one has to use some regularization and 
renormalization schemes. The regularized self-energy 
may not respect the invariance property in question. In 
quantum field theory the fact that renormalization pro- 
cedure breaks some symmetries of the classical theory is 
the cause of appearance of conformal, chiral, etc. anoma- 
lies. In our case the same arguments are applicable to 
the renormalized self-energy of classical sources and their 
self-energy acquires anomalous terms. It has been shown 
[Toj that the self-energy of point-like charges can be writ- 
ten in the form 



E„ 



a(x)Am , 



(2.13) 
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where 



2 2 

Am = -—G re% {x,x) = - — (ip 2 ) IC 



(2.14) 



Here Q IBg (x,x) is the coincidence limit x' — > x of the 
regularized Green function 



g ias {x, x) = q(x, x 1 ) - g div (x, x) . 



(2.15) 



Here the Green function Q corresponds to the operator 
Eq.UZSJ 



Fg(x,x') 



(x,x') 



(2.16) 



Thus, in order to find out the self-energy of a scalar 
charge one has to know the regularized Euclidean Green 
function corresponding to the operator Eq. (I2.16P . In the 
limit of coincident points this is exactly the (ip 2 ) TBn of a 
free scalar field. In other words the problem of calcula- 
tion of Am is formally equivalent to study of the quan- 
tum fluctuations (ip 2 ) in (D — 1)— dimensional space. The 
only difference from our case is that in quantum field 
theory the amplitudes of vacuum fluctuations are nor- 
malized on h 1 / 2 while in the case of the self-energy of 
a classical charge they are normalized on unity. As for 
calculations it docs not make any difference. There are 
many well-established methods of calculation of (ip 2 ) rt , a in 
quantum field theory. All traditional methods of UV reg- 
ularization like point-splitting, zeta-function and dimen- 
sional regularizations, proper time cutoff, Pauli-Villars 
and other approaches are applicable to this task. One 
can expect that all of them lead to the same predictions 
for the (ip 2 ) raa . 

Therefore, technically the problem of calculation of the 
self-energy of a charged particle reduces to the calculation 
of the quantum vacuum average value of (ip ) Ten . 



III. CALCULATION OF (<p 2 ) Isn AND ITS 
PROPERTIES 



The Green function Eq. ([2.16p transforms as follows 

g(x,x') = n-%(x)g(x : x')n-%(x') . (3.1) 

Therefore the non-renormalized value of {if 2 ) should 
transform homogeneously 



( ip 2 (x)) = n- n (x) (<?{x)). 

In other words the combination 



(3.2) 



(3.3) 



is an invariant under the transformations Eq. (|2.10[) . This 
classical symmetry can be broken when one subtracts 
divergences from it, therefore 



g2( n +2) ((p 2 ) [ca ^ const . 



(3.4) 



However, one can find such anomalous term A(x) that 
restores the invariance property 



£21^27 ((lp 2 ) icd + A) = const . 



(3.5) 



In order to derive this anomaly we use the Hadamard 
representation of the Green function. Consider the di- 
vergent part [2(| of the Green function 



Q div (x,x') = A 1 / 2 (x,x') 



1 



(2tt)t+ 1 



[ ^ r(f-fc) 



(3.6) 



k=0 



a 2 



When n is even the last term (fc = n/2)in the sum should 
be replaced by 



2 k+i 



(7 2 



a k (x,x') 



k=n/2 

In a(x, x r ) + 7 — In 2 
2f+i 



(3.7) 



a„/2(x,x'). 



Here ak(x,x') are the Schwinger-DeWitt coefficients for 
the operator F. The world function a(x, x 1 ) and Van 
Vleck-Morcttc determinant A(x,x') are defined on the 
(n + 2)— dimensional space with the metric g a b- In order 
to extract the anomaly from the £/ div one has to know 
how the transformation Eq. (|2.10[) modifies er, A, and a k 
in the limit of x' — > x. 

Here is a list of useful relations 



9ab — Q 2 g a b , 



g a » = n- 2 g a \ 



o a Ob — 2cr , g ab <T a ab = 2cr , 



where 



'a = " ,a j 



'a = " ,a > 



Cafc = CT-ab , 
&ab = O-.ab ■ 



(3.8) 



(3.9) 



The notation () ; means the covariant derivative with re- 
spect to the metric g a b, while () : corresponds to the co- 
variant derivative in the metric g a b 



<?ab = gab ~ ^n acbd <J C <J d + 0(r7 3/2 ) 



a (x, x 1 ) = 1 , 



(3.10) 



(3.11) 



o 2 - na a a a 



i (ma ab + 4a a a h - g ab n.. c n' c ) v a v b ] + o(a 5 / 2 ) , 

(3.12) 



1 



1 



r (— 2nrt; a b 



nn 2 

4r» :a r» ;b - n :c n- c g ab )a a <j b ] + o{a 5 / 2 ) . 



(3.13) 
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For the determinant A 1 ^ 2 (x,x') we have 
r a a b + 0{a 3/2 ) 

-a — b 



1 




1 + - 


-TZ 


12 


1 




1 + - 


-n 


12 


1 




120 2 





- {nn : . c c + (n - 1) n :c a c ) g ab \ a a a b + 0(a 3/2 ) . 

(3.14) 

The difference of anomalous terms 

B(x) = A(x) - n~ n A(x) 



can be defined as 



B(x) = lim 



n n / 2 (x) rt n / 2 (x') 



(3.15) 
(3.16) 



IV. CALCULATION OF A CLASSICAL 
SELF-ENERGY ANOMALY 

To illustrate the described approach let us consider a 
couple of examples. 



A. Four dimensions 



In four dimensions D = 4, n = 1 



Thus 

G div (x,x') 

and, hence, 



4tt (2. 



—^a (x,x'). (4.1) 



1 1 



0{a 



1/2N 



4tt (2cr) 1 /2 



S(i) = 0. (4.3) 
Thus in four dimensions the anomaly vanishes and 

(^ 2 ) ren = IT 1 (v? 2 ) rc „ . (4.4) 



B. Five dimensions 



In five dimensions D = 5, n = 2 



G dw {x,x') = 



A 1 / 2 {x,x') 
4tt 2 



— a (x,x') 



--(In a - + 7 — In 2) <zi(a;, a;') 



(4.5) 



Taking into account that 
A i/2 ! 



a 
A 1 / 2 

<7 



1 + ^n ab a a a b - ^il-^a 



1 

12 



1 



Eventually we obtain 
1 



B 



48tH 



r rr 2 in(ir) 01 



and 



(^ 2 ) rc „ = ^ 2 (^ 2 ) r 



B . 



(4.6) 

(4.7) 
(4.8) 
(4.9) 

(4.10) 
(4.11) 



The anomalous contribution (-B) depends both on 
the physical metric and the reference one. It would be 
nice to get such expression for A which is a functional 
of only one metric and which gives Eq. (|4.10[) after its 
substitution to Eq. (|3.15p . One can easily see that 



A{x) 
ai(x) 



1 



i 



288tt 2 
6 



64tt 2 



Mg)ai(x) 



(4.12) 



is the wanted solution. Though the solution for A may 
not be uniquely defined, it is the functional B which is 
physically important and which is unambiguous. 



C. Majumdar-Papapetrou spacetimes 

In the paper [To| the self-energy of scalar charges 
has been studies in the higher dimensional Majumdar- 
Papapetrou spacetime [l9j. This geometry is the solu- 
tion of the Einstein-Maxwell equations which describes 
a set of extremely charged black holes in equilibrium in 
a higher dimensional asymptotically flat spacetime. The 
corresponding background metric and electric potential 
are 



ds 2 = -U- 2 dt 2 + U 2/n S ab dx a dx b 



U + 1 —1x0 



2„ 



Here the function U reads 
17 = 1 



j2 Mh. 

k 



Pk 



Pk 



n = D-3. 



\x - x k \ 



(4.13) 



(4.14) 
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The index k = (1, . . . , TV) enumerates the extremal black 
holes. x% is the spatial position of the fc-th extremal black 
hole. 

One can see that the transformation Eq. (|2.10p with 



n(x) = u 1/n (x) 



(4.15) 



connects the Majumdar-Papapetrou metric Eg. (|4.13p to 
the Minkowski D~ dimensional metric, that is (D — 
1)— dimensional flat space g a b and simultaneously a — 1. 
Because in flat spacetime with V = the quantity 
(<^ 2 )ren = the invariance property Eq. (|3.5[) automati- 
cally gives 



= -B. 



(4.16) 



Then the renormalized self-energy of a scalar charge can 
be obtained from Eqs. ([^T3l - (|^T4]) . 

In four dimensions our approach trivially gives 



Am = . 



(4.17) 



In five dimensional Majumdar-Papapetrou spacetime, 
a\ = and we reproduce the result [101 ] 



Am 



57671-' 



T K. 



(4.18) 



where 1Z is the Ricci scalar of the spatial metric g a b- 

The analysis of the structure of divergent terms of 
the scalar Green function leads to the conclusion that 
the anomaly in question should vanish in all even- 
dimensional spacetimes. 



of static scalar sources of a minimally coupled massless 
scalar field is invariant under special symmetry transfor- 
mations Eq. (|2.10[ ). These local transformations consist 
of simultaneous multiplication of the gu component of 
the metric by a scalar function of spatial coordinates 
and conformal transformation of the spatial part g a b 
of the spacetime metric with the conformal factor be- 
ing some power of the same function. In the case of 
Majumdar-Papapetrou spacetimes it happens that this 
symmetry relates Majumdar-Papapetrou spacetimes to 
the flat Minkowski spacetime. Therefore the calcula- 
tion of the self-energy can be reduced to its calcula- 
tion in a flat metric, that is trivial. The subtle point 
is that regularization of the UV divergent quantities vi- 
olates the invariance property of the classical energy of 
the charge distribution and leads to an anomalous con- 
tribution to the renormalized self-energy. In Majumdar- 
Papapetrou spacetimes the exact Green functions are 
known |20| and straightforward calculations [10( showed 
that this anomaly, in fact, constitutes the whole effect. 
This exact transformation law makes possible to relate 
the self-energy of a charge in the physical spacetime to 
the self-energy in some reference spacetime, where its 
calculation may be significantly simpler. The proposed 
approach may provide one with tools for construction of 
approximate methods of calculation of Am, e.g., similar 
to the Page approximation [21| developed for calculation 
of quantum vacuum fluctuations (<£ 2 ) rcn and of the stress- 
energy tensor of fields in static spacetimes. 



V. CONCLUSIONS 

In this paper we have presented an approach to study 
the self-energy of pointlike charges based on calcula- 
tion of the self-energy anomaly. Our approach is ap- 
plicable to arbitrary static spacetimes. The self-energy 
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